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Abstract
Two kinds of differential operators that can be generally defined on an arbitrary smooth
surface in a finite dimensional Euclid space are studied, one is termed as surface gradient
and the other one as Levi-Civita gradient. The surface gradient operator is originated from
the differentiability of a tensor field defined on the surface. Some integral and differential
identities have been theoretically studied that play the important role in the studies on
continuous mediums whose geometrical configurations can be taken as surfaces and on in-
teractions between fluids and deformable boundaries. The definition of Levi-Civita gradient
is based on Levi-Civita connections generally defined on Riemann manifolds. It can be used
to set up some differential identities in the intrinsic/coordiantes-independent form that play
the essential role in the theory of vorticity dynamics for two dimensional flows on general
fixed smooth surfaces.
Key Words: Surface gradient operator; Levi-Civita gradient operator; Intrinsic generalized
Stokes formulas; Fluid-solid interactions with deformable boundaries; Surface deformation the-
ory; Two dimensional flows on fixed smooth surface
1 Introduction
1.1 Fundamentals of differential calculus on a surface
Generally, an m-dimensional surface in m+ 1 Euclid space can be represented as
Σ(xΣ, t) : R
m ⊃ Dx ∋ xΣ 7→ Σ(xΣ, t) ∈ Rm+1
In the case that xΣ is a nonsingular point, {gi(xΣ, t) := ∂Σ∂xi
Σ
(xΣ, t)}mi=1 constitutes the so-called
covariant basis of the tangent space T xΣ and there exists uniquely one direction n(xΣ, t) that
is particular to the tangent space, i.e. (n,gi)(xΣ, t)Rm+1 = 0 (i = 1, · · · ,m).
Two kinds of the fundamental affine tensor could be defined
G , gijg
i ⊗ gj, gij := (gi,gj)(xΣ, t)Rm+1
K , bijg
i ⊗ gj, bij :=
(
∂gi
∂xjΣ
(xΣ, t),n
)
Rm+1
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that are termed as the metric tensor and the curvature tensor respectively. Gaussian curvature
is defined as KG := det[bij ]/det[gij ] = det[b
i
j ] =: detB and mean curvature as H := b
s
s =: trK.
Based on the differential calculus in Rm+1, one has the following so-termed frame movement
equations

∂gi
∂x
j
Σ
(xΣ, t) = Γ
k
jigk + bjin = Γji,kg
k + bjin
∂gi
∂x
j
Σ
(xΣ, t) = −Γijkgk + bijn
;
∂n
∂xjΣ
(xΣ, t) = −bjkgk = −bkjgk
where Γji,k and Γ
k
ji are the Christoffel symbols of the first and second kinds respectively. In
addition, one has the relation between metric tensor and Christoffel symbol
Γij,k =
1
2
(
∂gjk
∂xiΣ
+
∂gik
∂xjΣ
− ∂gij
∂xkΣ
)
(xΣ, t)
An m dimensional smooth surface embedded in m+1 dimensional Euclid space is naturally
a Riemann manifold with the metric represented by the metric tensor and the covariant deriva-
tive/differentiation denoted by ∇l defined as, say Φ := Φij··kgi ⊗ gj ⊗ gk ∈ T 3(TΣ) is a tensor
field with order 3 on the surface,
∇lΦij··k ,
∂Φij··k
∂xlΣ
(xΣ, t) + Γ
i
lsΦ
sj
··k + Γ
j
lsΦ
is
··k − ΓslkΦij··s
The fundamentals of differential calculus on a surface can be referred to the monographs by
Durovin et al. (1992) and Guo (1980).
1.2 Sketch of the present paper
Two kinds of differential operators on the surface are to be studied that are termed as
surface gradient operator and Levi-civita gradient operator respectively. The whole content
of the present paper can be divided into two parts. The first part is on the surface gradient
tensor that is originated from the differentiation of a tensor field defined on the surface. As
applications, four related aspects in fluid and solid mechanics are referred that include § 2.1
intrinsic generalized Stokes formulas with three kinds of applications, § 2.2 primary properties
of deformation gradient tensor for thin enough continuous mediums, § 2.3 strain tensor on an
arbitrary deformable surface. The second part is on the Levi-Civita gradient operator that is
based on Levi-Civita connection possessed by any Riemann manifold. Its applications refer to
§ 3.1 some primary identities in vorticity dynamics of two dimensional flows on fixed smooth
surfaces and § 3.2 some identities of affine surface tensors.
Generally, the surface gradient operator is more familiar to mechanicians and Levi-Civita
connection is to mathematicians. However, all of the applications as indicated in the present
paper are closely linked to the mechanics of continuous mediums whose geometrical configura-
tions are either bulks or surfaces. And all of the related results accompanying with deductions
are independent to others studies.
2
2 Surface gradient operator
Generally, the surface gradient operator
Σ
∇ ≡ gl ∂
∂xl
Σ
is defined as, say Φ ∈ T 2(Rm),
Σ
∇ ◦ −Φ ≡
(
gl
∂
∂xlΣ
)
◦ − (Φi·jgi ⊗ gj +Φi·3gi ⊗ n+Φ3·jn⊗ gj +Φ3·3n⊗n)
, gl ◦ − ∂
∂xlΣ
(
Φi·jgi ⊗ gj +Φi·3gi ⊗ n+Φ3·jn⊗ gj +Φ3·3n⊗ n
)
=
[
∇lΦi·j(gl ◦ −gi)⊗ gj +Φi·jbli(gl ◦ −n)⊗ gj +Φi·jbjl (gl ◦ −gi)⊗ n
]
+
[
∇lΦi·3(gl ◦ −gi)⊗n +Φi·3bli(gl ◦ −n)⊗ n− Φi·3bsl (gl ◦ −gi)⊗ gs
]
+
[
∇lΦ3·j(gl ◦ −n)⊗ gj − Φ3·jbsl (gl ◦ −gs)⊗ gj +Φ3·jbjl (gl ◦ −n)⊗ n
]
+
[
∇lΦ3·3(gl ◦ −n)⊗ n− Φ3·3bsl (gl ◦ −gs)⊗ n− Φ3·3bsl (gl ◦ −n)⊗ gs
]
where ◦− represents any available algebra tensor operator, ∇l denotes the co-variant deriva-
tive/differentation of the tensor component that is just effective to the indices with respect to
the tangent plane, i.e. i, j in the above representations,
∇lΦi·j ,
∂Φi·j
∂xlΣ
(xΣ, t) + Γ
i
lsΦ
s
·j − ΓsljΦi·s
∇lΦi·3 ,
∂Φi·3
∂xlΣ
(xΣ, t) + Γ
i
lsΦ
s
·3, ∇lΦ3·j ,
∂Φ3·j
∂xlΣ
(xΣ, t)− ΓsljΦ3·s
∇lΦ3·3 ,
∂Φ3·3
∂xlΣ
(xΣ, t)
where Γils denotes Christoffel symbol of the second kind. The contra-variant derivative relates
generally to the co-variant one through ∇l , glt∇t. The change of the order of co- and contra-
variant derivatives must be related to Riemannian-Christoffel tensor, that is,
∇p∇qΦi·j = ∇q∇pΦi·j +Ri ·· q·sp ·Φs·j +R·s·qj·p ·Φi·s
where Ri ·· q·sp · , b
i
pb
q
s − bspbiq denotes the component of Riemannian-Christoffel tensor (see Guo,
1980). In addition, in the case of two dimensional Riemannian manifolds, Riemannian-Christoffel
tensor can be represented by Gaussian curvature and metric tensor as revealed by the relation
Ri ·· q·sp · = KG(δ
i
pδ
q
s − gspgiq).
It should be noted that the definition of the surface gradient operator is based on the differ-
ential calculus in the normed linear tensor space, namely, one has
Φ(xΣ +∆xΣ, t)−Φ(xΣ, t) =


(∆xsΣgs) ·
(
Σ
∇⊗Φ
)
(
Φ⊗
Σ
∇
)
· (∆xsΣgs)
+ o(∆x)
Say Φ = Φi
·j3gi ⊗ gj ⊗ n ∈ T 3(R3), one has
Φ(xΣ +∆xΣ, t) = Φ
i
·j3(xΣ +∆xΣ, t)(gi ⊗ gj ⊗ n)(xΣ +∆xΣ, t) ∈ T 3(R3)
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with the differentiations of the tensor component and basis vectors
Φi
·j3(xΣ +∆xΣ, t) = Φ
i
·j3(xΣ, t) +
∂Φi
·j3
∂xsΣ
(xΣ, t)∆x
s
Σ + o
i
·j3(∆xΣ) ∈ R
gi(xΣ +∆xΣ, t) = gi(xΣ, t) +
∂gi
∂xsΣ
(xΣ, t)∆x
s
Σ + oi(∆xΣ) ∈ Rm+1
gj(xΣ +∆xΣ, t) = g
j(xΣ, t) +
∂gj
∂xsΣ
(xΣ, t)∆x
s
Σ + o
j(∆xΣ) ∈ Rm+1
n(xΣ +∆xΣ, t) = n(xΣ, t) +
∂n
∂xsΣ
(xΣ, t)∆x
s
Σ + o
3(∆xΣ) ∈ Rm+1
Accompanying the multi-linearity of the representation of any simple tensor with the frame
movement equations, the above mentioned representation can be attained. In the view of differ-
entiation, the full dimensional gradient of a tensor filed defined on a domain can be taken as its
derivative (see Xie., 2012). Similarly, the surface gradient of a tensor field defined on a surface
is its derivative also.
Consequently, the partial derivative of the tensor with respect to one of the component of
the surface coordinates can be determined
∂Φ
∂xlΣ
(xΣ, t) , lim
λ→0
Φ(xΣ + λil, t)−Φ(xΣ, t)
λ
= gl ·
(
Σ
∇⊗Φ
)
=
(
Φ⊗
Σ
∇
)
· gl
due to
Φ(xΣ + λil, t)−Φ(xΣ, t) =


(λgl) ·
(
Σ
∇⊗Φ
)
+ o(λ)(
Φ⊗
Σ
∇
)
· (λgl) + o(λ)
2.1 Intrinsic generalized Stokes formulas
Proposition 1 (Generalized Stokes formulas of the first kind)∮
C
τ ◦ −Φ dl =
∫
Σ
(
n×
Σ
∇
)
◦ −Φ dσ∮
C
Φ ◦ −τ dl =
∫
Σ
Φ ◦ −
(
n×
Σ
∇
)
dσ
Proof:
It is well known that Stokes formula in the fundamental calculus takes the following form∮
∂Σ
τ · a dl =
∫
Σ
n · (∇× a) dσ i.e.
∮
∂Σ
ταaα dl =
∫
Σ
nλeλµα
∂aα
∂Xµ
dσ
where all of the quantities are represented through the canonical basis. Consequently, the vector
field a should be extended differentially to a three dimensional open set in which the surface is
embedded in order to fulfil the full dimensional curl operator. This kind of Stokes formula is
termed as the prototype in the present paper.
In order to proof the second identity, firstly the integrant of the curve integral is expanded
through the canonical basis, that is
Φ ◦ −τ = (Φξη iξ ⊗ iη) ◦ −(ταiα) = τβ δβαΦξη (iξ ⊗ iη ◦ −iα)
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Secondly, the stokes formula in the prototype is adopted to attain the surface gradient
nθeθλβ
∂
∂Xλ
(δβαΦξη) (iξ ⊗ iη ◦ −iα) = nθeθλα
∂Φξη
∂Xλ
iξ ⊗ iη ◦ −iα = nθeθλα ∂Φ
∂Xλ
◦ −iα
=
∂Φ
∂Xλ
◦ −(n× iλ) =: Φ ◦ −
[
n×
(
iλ
∂
∂Xλ
)]
=: Φ ◦ −(n×∇)
Thirdly, the full dimensional gradient is represented through the surface gradient
Φ ◦ −(n×∇) = Φ ◦ −
[
n×
(
Σ
∇+ n
∂
∂X3
)]
= Φ ◦ −
(
n×
Σ
∇
)
where the semi-orthogonal curvilinear coordinates (see Xie et al., 2013) is adopted that is a kind
of full dimensional curvilinear coordinates. The proof is completed and the second identity can
be proved in the same way.
It should be pointed out that the surface gradients are nothing to do with the directional
derivative with respect to the normal direction, in other words the quantity originally defined on
the surface does not need to be extended if the surface gradient rather than the full dimensional
gradient is adopted.
Proposition 2 (Generalized Stokes formulas of the second kind)∮
C
(τ × n) ◦ −Φ dl =
∫
Σ
(
Σ
∇ ◦ −Φ+Hn ◦ −Φ
)
dσ∮
C
Φ ◦ −(τ × n) dl =
∫
Σ
(
Φ ◦ −
Σ
∇+HΦ ◦ −n
)
dσ
Proof
The proof of the second identity is carried out as follows. And the first one can be verified
in the same way (see Xie et al., 2013).
Firstly, the integrant of the curve integral is expanded through the canonical basis
Φ ◦ −(τ × n) = (Φξη iξ ⊗ iη) ◦ −(eαβγ τβ nγ iα) = τβ eβγαnγΦξη (iξ ⊗ iη ◦ −iα)
Secondly, the curve integral is transferred to the surface integral according to the Stokes
formula in the prototype. The deduction of the surface integrant is as follows
nθeθλβ
∂
∂Xλ
(eβγαnγΦξη) (iξ ⊗ iη ◦ −iα) = eθλβeγαβ nθ ∂
∂Xλ
(nγΦξη) (iξ ⊗ iη ◦ −iα)
= (δθγδλα − δλγδθα)nθ ∂
∂Xλ
(nγΦξη) (iξ ⊗ iη ◦ −iα)
=
[
∂Φξη
∂Xα
− nα ∂nλ
∂Xλ
Φξη − nαnλ
∂Φξη
∂Xλ
]
(iξ ⊗ iη ◦ −iα)
= Φ ◦ −∇− (∇ · n) (Φ ◦ −n)− (n · (∇⊗Φ)) ◦ −n
Thirdly, the full dimensional gradient is represented by the surface gradient
RHS = Φ ◦ −
(
Σ
∇+ n
∂
∂x3
)
−
[(
Σ
∇+ n
∂
∂x3
)
· n
]
(Φ ◦ −n)
− n ·
[(
Σ
∇+ n
∂
∂x3
)
⊗Φ
]
◦ −n = Φ ◦
Σ
∇+HΦ ◦ −n
The proof is completed.
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2.1.1 Some integral identities for soft matter studies
Yin et al. (2008) reported some kinds of novel integral identities that are taken as meaningful
for soft matter studies. As a kind of applications, the intrinsic generalized Stokes formulas are
utilized to deduce these identities as indicated in this subsection.
Firstly, the quantity termed as conjugate fundamental tensor by Yin (2008) is introduced
|K|K−1 =: ∆ijgi ⊗ gj
whereK , bijgi⊗gj is the curvature tensor, [∆ij] denotes the adjugate matrix of [bij ]. Certainly,
it should be pointed out that this quantity can only make sense in the case thatK is nonsingular,
i.e. det[bii] 6= 0.
On ∆ij, the following fundamental relations can be concluded
∆ij = b
s
sδ
i
j − bij, bij = ∆ssδij −∆ij
e3ji∆li = −e3libji , ε3ji∆li = −ε3libji
∇i∆ij = 0
The first two relationships can be directly verified. The last one is due to the Codazzi equation as
indicated by Yin (2008). All of these relations play the essential role in the following deductions.
Proposition 3
∮
∂Σ
τ ·K ◦ −Φ dl =
∫
Σ
(
n×
Σ
∇
)
◦ −Φ dσ
where
Σ
∇ := Lˆijgi
∂
∂x
j
Σ
, Lˆ := KGK
−1
Proof
Firstly, it is worthy of mention that KG = det[b
i
j ] =: |K| and
Σ
∇ = |K|K−1 ·
Σ
∇.
As the application of the intrinsic generalized Stokes formula of the first kind, one has∮
∂Σ
τ ·K ◦ −Φ dl =
∫
Σ
(
n×
Σ
∇
)
· (K ◦ −Φ) dσ
with(
n×
Σ
∇
)
· (K ◦ −Φ) =
(
n× gl
)
·
(
∂K
∂xlΣ
◦ −Φ+K ◦ − ∂Φ
∂xlΣ
)
=
(
n× gl
)
·
(
K ◦ − ∂Φ
∂xlΣ
)
= ε3lkbjkgj ◦ −
∂Φ
∂xlΣ
thanks to (
n× gl
)
·
∂K
∂xlΣ
=
(
n× gl
)
·
(
∇lbijgi ⊗ gj + bijbiln⊗ gj + bijbjl gi ⊗ n
)
= ε3li∇lbijgj + ε3li(bijbjl )n = 0
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On the other hand, one has(
n×
Σ
∇
)
◦ −Φ =
[
n×
(
|K|K−1 ·
Σ
∇
)]
◦ −Φ =
[
n×
(
∆lig
i ∂
∂xlΣ
)]
◦ −Φ
=
[
n×
(
∆lig
i
)]
◦ − ∂Φ
∂xlΣ
= ε3ik∆ligk ◦ −
∂Φ
∂xlΣ
= ε3ij∆ligj ◦ −
∂Φ
∂xlΣ
= −ε3ji∆ligj ◦ −
∂Φ
∂xlΣ
= ε3libjigj ◦ −
∂Φ
∂xlΣ
It’s the end of the proof.
Proposition 4
∮
∂Σ
(τ × n) · Lˆ ◦ −Φ dl =
∫
Σ
Σ
∇ ◦ −Φ dσ +
∫
Σ
2KG(n ◦ −Φ) dσ
where Lˆ = |K|K−1.
Proof
On the left hand side, one has∮
∂Σ
(τ × n) · (|K|K−1) ◦ −Φ dl =
∮
∂Σ
(τ × n) · (|K|K−1 ◦ −Φ) dl
=
∫
Σ
[
Σ
∇ · (|K|K−1 ◦ −Φ) +Hn · (|K |K−1 ◦ −Φ)
]
dσ
=
∫
Σ
Σ
∇ · (|K|K−1 ◦ −Φ) dσ
To deal with
Σ
∇ · (|K|K−1 ◦ −Φ) = gl · ∂
∂xlΣ
(|K|K−1 ◦ −Φ)
= gl ·
[
∂
∂xlΣ
(|K|K−1) ◦ −Φ+ |K|K−1 ◦ − ∂Φ
∂xlΣ
]
one deduces the second term on the right hand side as
gl ·
(
|K|K−1 ◦ − ∂Φ
∂xlΣ
)
=
[
gl ·
(|K|K−1)] ◦ − ∂Φ
∂xlΣ
=
(
|K|K−1 · gl
)
◦ − ∂Φ
∂xlΣ
=
[
|K|K−1 ·
(
gl
∂
∂xlΣ
)]
◦ −Φ =
Σ
∇ ◦ −Φ
and the first term on the right hand side as
gl ·
[
∂
∂xlΣ
(|K|K−1) ◦ −Φ
]
= gl ·
[
∂
∂xlΣ
(∆ijgi ⊗ gj) ◦ −Φ
]
= gl ·
[(
∇l∆ijgi ⊗ gj +∆ijblin⊗ gj +∆ijbjl gi ⊗ n
)
◦ −Φ
]
= (∇l∆ljgj +∆ijbjin) ◦ −Φ = (δijbss − bij)bjin ◦ −Φ = (bjjbss − bijbji )n ◦ −Φ
= 2KGn ◦ −Φ
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The last identity is due to the relationship
KG = det[b
i
j ] =
1
2
δijpqb
p
i b
q
j =
1
2
∣∣∣∣∣ δ
i
p δ
i
q
δjp δ
j
q
∣∣∣∣∣ bpi bqj = 12(bjjbss − bijbji )
It’s the end of the proof.
In studies by Yin with his collaborators (2005, 2008) on some integral identities, the following
one plays the essential role∫
Σ
Σ
∇ · (Θ ◦ −Φ)dσ =
∮
∂Σ
(τ × n) · (Θ ◦ −Φ) dl, ∀Θ ∈ T r(TΣ), ∀Φ ∈ T p(R3)
Its validity can be confirmed as soon as the intrinsic generalized Stokes formula of the second
kind is adopted, namely∮
∂Σ
(τ × n) · (Θ ◦ −Φ) dl =
∫
Σ
[
Σ
∇ · (Θ ◦ −Φ) +Hn · (Θ ◦ −Φ)
]
dσ =
∫
Σ
Σ
∇ · (Θ ◦ −Φ) dσ
By other ways, one can do the following calculation, let Θ = Θijgi ⊗ gj without lost of the
generality,∫
Σ
Σ
∇ · (Θ ◦ −Φ) dσ =
∫
Σ
1√
g
∂
∂xsΣ
(√
gΘsjgj ◦ −Φ
)
(xΣ, t) dσ
=
∫
Dx
∂
∂xsΣ
(√
gΘsjgj ◦ −Φ
)
(xΣ, t) dσ =
∮
∂Σ
(τ × n) · (Θ ◦ −Φ) dl
The first identity is due to
Σ
∇ · (Θ⊗Φ) = gl ·
[
∂
∂xlΣ
(
Θijgi ⊗ gj
) ◦ −Φ+Θ ◦ − ∂Φ
∂xlΣ
]
= gl ·
[∇lΘijgi ⊗ gj +Θij(blin⊗ gj + bljgi ⊗ n)] ◦ −Φ+Θlsgs ◦ − ∂Φ∂xlΣ
=
(∇iΘijgj +Θijbijn) ◦ −Φ+Θlsgs ◦ − ∂Φ∂xlΣ
where
∇iΘijgj +Θijbijn =
(
∂Θij
∂xiΣ
+ ΓiisΘ
sj + ΓjisΘ
is
)
gj +Θ
ijbijn
=
(
∂Θsj
∂xsΣ
+
1√
g
∂
√
g
∂xs
Θsj
)
gj +Θ
sj(Γksjgk + bsjn)
=
1√
g
∂
∂xsΣ
(
√
gΘsj)gj +Θ
sj
∂gj
∂xsΣ
=
1√
g
∂
∂xsΣ
(
√
gΘsjgj)
then
RHS =
1√
g
[
∂
∂xsΣ
(
√
gΘsjgj) ◦ −Φ+
√
gθsjgj ◦ −
∂Φ
∂xsΣ
]
=
1√
g
∂
∂xsΣ
(
√
gΘsjgj ◦ −Φ)
The last identity is essentially due to the Green formula. In detail, firstly one has the relation
as the prototype ∫
Dx
∂
∂xsΣ
(
√
gas) dσ =
∫
Σ
(τ × n) · a dl, ∀a ∈ TΣ
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As the left hand side is considered, it can be calculated as follows∫
Dx
∂
∂xsΣ
(
√
gas) dσ =
∫
Dx
[
∂
∂x1Σ
(
√
ga1) +
∂
∂x2Σ
(
√
ga2)
]
dσ =
∫
∂Dx
[−√ga2i1 +√ga1i2] · τ dl
=
∫ b
a
[−√ga2x˙1(t) +√ga1x˙2(t)] dt = ∫ b
a
ε3ija
ix˙j(t) dt, ε3ij =
√
ge3ij
=
∫ b
a
[
n, aigi, x˙
j(t)gj
]
dt =
∮
∂Σ
[n, a, τ ] dt =
∮
∂Σ
(τ ×n) · a dt
Subsequently, the relation as the general type∫
Dx
∂
∂xsΣ
(√
gΘsjgj ◦ −Φ
)
(xΣ, t) dσ =
∮
∂Σ
(τ × n) · (Θ ◦ −Φ) dl
can be verified. The essential of the deduction is to transfer some indices of the tensor with
respect to the local bases to the ones with respect to the canonical bases, namely
√
gΘsjgj ◦ −Φ =
√
gΘsjgj ◦ −
(
Φβ·γgβ ⊗ gγ
)
=
√
gΘsαiα ◦ −
(
Φλ·µiλ ⊗ iµ
)
where let Φ ∈ T 2(TΣ) extent to T 2(R3) with the constrain Φ(·,n) = Φ(n, ·) = 0 ∈ R then
the transformation can be carried out
Θsjgj = Θ
sβgβ := Θ(g
s,gβ)gβ = Θ(g
s, (gβ , iα)R3 i
α)gβ = Θ(g
s, iα)[(iα,g
β)R3gβ] =: Θ
sαiα
Consequently, one can do the following deduction∫
Dx
∂
∂xsΣ
(√
gΘsjgj ◦ −Φ
)
dσ =
[∫
Dx
∂
∂xsΣ
(√
gΘsαΦλ·µ
)
dσ
]
iα ◦ −iλ ⊗ iµ
=
[∮
∂Σ
(n × τ ) ·
(
ΘsαΦλ·µ gs
)]
iα ◦ −iλ ⊗ iµ
=
∮
∂Σ
(n × τ ) ·
[
Θsαgs ⊗ iα ◦ −(Φλ·µiλ ⊗ iµ)
]
dl
where the relation as the prototype is adopted.
The relations as the prototype and general type have been adopted directly by Yin (2005)
and Yin (2008) respectively.
2.1.2 A kind of ways to deduce governing equations for thin enough continuous
mediums
To study the representation of the natural law of momentum conservation for the continuous
medium whose geometrical configuration can be taken as a surface, the so termed surface stress
can be introduced
t = ti·jgi ⊗ gj + ti·3gi ⊗ n
Subsequently,the momentum conservation can be set up in the integral form∫
t
Σ
ρa dσ =
∮
∂
t
Σ
(τ × n) · t dl +
∫
t
Σ
fΣ dσ
9
where fΣ denotes the distribution of the action imposed directly on the surface such as the
weight, fraction and electromagnetic force. The differential equation of momentum conservation
can be directly attained through the intrinsic generalized Stokes formula of the second kind
ρa =
Σ
∇ · t+ fΣ
with the component forms
ρal = ∇sts·l − bslts·3 + fl
ρan = ∇sts·3 + bijtj·i + fn
On the other hand, the moment of momentum conservation can be represented as∫
t
Σ
ρa×Σ dσ =
∮
∂
t
Σ
[(τ × n) · t]×Σ dl +
∫
t
Σ
fΣ ×Σ dσ +
∫
t
Σ
mΣ dσ
with the differential form
ρa×Σ =
Σ
∇ · (t×Σ) + fΣ ×Σ+mΣ =
[(
Σ
∇ · t
)
×Σ+ gl · (t× gl)
]
+ fΣ ×Σ+mΣ
where mΣ denotes the surface force couple.
Substituting the governing equation of momentum conservation, one arrive at the governing
equation of moment of momentum conservation
0 = gl · (t× gl) +mΣ = −tijεij3n+
√
g(−t2·3g1 + t1·3g2) +mΣ, g := det[gij ]
Consequently, it can be concluded that the symmetry of the components of surface stress tensor
on the tangent space, i.e. tij = tji, corresponds to the vanishing of the component of surface
force couple in the surface normal direction. And the appearance of surface stress tensor in the
surface normal direction, i.e. ti·3 6= 0, corresponds to the existence of components of surface force
couple on the tangent space.
The governing equations of the statical force equilibrium of elastic plates and shells put
forward by Synge & Chien (1941) are included in the above mentioned equation of momentum
conservation. Comparatively, the deduction based on the intrinsic generalized Stokes formula
of the second kind seems more compactly. Both Synge & Chien (1941) and Aris (1962) have
introduced the concept of membrane or surface stress tensor in their studies on solids or fluids
whose geometrical configurations can be taken as surfaces. Subsequently, the stress force can be
represented as the surface divergence of the stress tensor and the differential equations of nature
laws can be readily deduced from the integral representations through the intrinsic generalized
Stokes formula of the second. However, as indicated by Xie et al. (2013), some kinds of actions on
the boundary can not purely come down to the surface divergence, particularly as the continuous
mediums have motions in the normal direction. In other words, the membrane or surface stress
tensor may not be the universal representation of the force action on the boundary in all cases.
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2.1.3 A differential identity for vorticity dynamics
Proposition 5 On any deformable smooth surface, the following identity is keeping valid
n ·
[
Σ
∇× (n×Φ)
]
=
(
n×
Σ
∇
)
· (n ×Φ) =
Σ
∇ ·Φ+Hn ·Φ, ∀Φ ∈ T p(R3)
Proof
This identity can be readily proved through the utilizations of the intrinsic generalized Stokes
formula of the first kind∮
∂Σ
τ · (n ×Φ) dl =
∫
Σ
(
n×
Σ
∇
)
· (n ×Φ) dσ
and the one of the second kind∮
∂Σ
(τ × n) ·Φ dl =
∫
Σ
(
Σ
∇ ·Φ+Hn ·Φ
)
dσ
accompanying with the fundamental relationship
τ · (n ×Φ) = (τ × n) ·Φ, ∀Φ ∈ T p(R3)
It is the end of the proof. On the other hand, one can prove this identity through direct
calculations.
In fluid mechanics, the nature law of momentum conservation is represented by so called
Navier-Stokes equation (NSE)
ρa =∇Π− µ∇× ω + ρfm
where Π := −p+(λ+2µ)θ is the dilation quantity, λ and µ denote different viscous coefficients,
ω := ∇ × V is the vorticity. To deduce the representation of the flux of the dilation quantity
on any smooth deformable boundary, ·n is taken on both side of NSE
∂Π
∂n
:= n · ∇Π = ρn · a+ µn · (∇× ω)− ρn · fm
= ρn · a+ µ(n×∇) · ω − ρn · fm = ρn · a+ µ
(
n×
Σ
∇
)
· ω − ρn · fm
On the other hand, ×n is taken on both side of NSE to deduce the representation of the flux of
the vorticity on the boundary
µ
∂ω
∂n
= ρn× a− n× (∇Π) + µ(∇⊗ ω) · n+ ρfm ×n
= ρn× a−
(
n×
Σ
∇
)
Π+ µ(∇⊗ ω) · n+ ρfm × n
where the following identity is adopted
(∇× ω)× n = n · (∇⊗ ω)− (∇⊗ ω) · n
Furthermore, one has the following relationships
(∇⊗ ω) · n =
Σ
∇(ω · n)−
[
ω ·
(
Σ
∇⊗n
)
+
(
Σ
∇ · ω
)
n
]
=
Σ
∇(ω · n)−
Σ
∇ · (ω ⊗ n)
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thanks to ∇ · ω = 0 and
ξ ·
(
Σ
∇⊗ η
)
+
(
Σ
∇ · ξ
)
η =
Σ
∇ · (ξ ⊗ η), ∀ ξ, η ∈ R3
Finally, one arrives at the representation
µ
∂ω
∂n
= ρn× a−
(
n×
Σ
∇
)
Π+ µ(∇⊗ω) · n+ ρfm × n
= ρn× a−
(
n×
Σ
∇
)
Π+
(
n×
Σ
∇
)
· [(ω × n)⊗ n] + µ(∇⊗ ω) · n+ ρfm × n
+ µ
[
Σ
∇(ω · n) +H(ω · n)n
]
where µ
[
Σ
∇(ω · n) +H(ω · n)n
]
is the additional term contributed purely by the deformation
of the boundary and equals to zero for any flow on the plane. Its mechanical meaning can be
revealed by the following integral relation∫
Σ
µ
∂ω
∂n
dσ ∼
∫
Σ
µ
[
Σ
∇(ω · n) +H(ω · n)n
]
dσ =
∮
∂Σ
µ(τ × n)(ω · n) dl
The representation of the vorticity flux on the fixed solid boundary can be referred to the
monograph of Wu et al. (2005b).
2.2 Primary properties of deformation gradient tensor for thin enough con-
tinuous mediums
The deformation gradient tensor plays the essential role in the whole theory of continuous
mediums without regard to those geometrical configurations are bulks corresponding to Euclid
manifolds or surfaces to Riemann manifolds. The primary properties of the deformation gradient
tensor for continuous mediums whose geometrical configurations (termed briefly as the surface
deformation theory hereinafter) are surfaces can be concluded as follows.
Proposition 6 (properties of deformation gradient for surface deformation theory)
F˙ = L · F , L := V ⊗
Σ
∇
˙|F | = θ|F |, θ := V ·
Σ
∇
where the deformation gradient with its determinant are defined as
F :=
∂xiΣ
∂ξAΣ
(ξ, t)gi ⊗GA, |F | =
√
g√
G
det
[
∂xiΣ
∂ξA
(ξΣ, t)
]
Firstly, we put forward the following lemma for g := det[gij ]
Lamma 1 (Some identities on the determinant of the metric tensor)
1
g
∂g
∂xlΣ
(xΣ, t) = g
ij ∂gij
∂xlΣ
(xΣ, t);
1
g
∂g
∂t
(xΣ, t) = g
ij ∂gij
∂t
(xΣ, t)
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Proof of the lemma To consider
g := det[gij ] =
m∑
s=1
∆isgis, ∀ i = 1, · · · ,m
where ∆is denotes the element in the i − th row and s − th column of the conjugate matrix of
[gpq]. Then, the determinant can be represented as
g = g({gij included}) s.t. ∂g
∂gij
({gij included}) = ∆ij 6= 0
It means that if gij is included in the representation of g then ∆
ij 6= 0 and if g does not include
gij then ∆
ij = 0 .
Subsequently, one can do the deduction
∂g
∂xlΣ
=
∑
gij included
∂g
∂gij
∂gij
∂xlΣ
(xΣ, t) =
∑
gij included
∆ij
∂gij
∂xlΣ
(xΣ, t) =
m∑
p,q=1
∆pq
∂gpq
∂xlΣ
(xΣ, t)
= ggpq
∂gpq
∂xlΣ
(xΣ, t)
The second identity can be proved similarly. As a corollary, one has the identity
Γiij , g
ikΓij,k =
1√
g
∂
√
g
∂xjΣ
(xΣ, t), Γij,k ,
1
2
(
∂gik
∂xjΣ
+
∂gjk
∂xiΣ
− ∂gij
∂xkΣ
)
(xΣ, t)
Proof of the proposition To calculate the material derivative of the deformation gradient
tensor
F˙ =
˙
∂xi
∂ξA
(ξ, t)gi(x, t) ⊗GA(ξ) =
˙
∂xi
∂ξA
(ξ, t)gi ⊗GA +
∂xi
∂ξA
(ξ, t)
˙
gi(x, t)⊗GA
where
˙
∂xi
∂ξA
(ξ, t) =
∂xi
∂ξA∂t
(ξ, t) =:
∂x˙i
∂ξA
(ξ, t) =
∂xs
∂ξA
(ξ, t)
∂x˙i
∂xs
(x, t)
˙
gi(x, t) =
∂gi
∂t
(x, t) + x˙sΣ
∂gi
∂xsΣ
(x, t) =
∂
∂xiΣ
(
∂Σ
∂t
)
(x, t) + x˙sΣ
∂gs
∂xiΣ
(x, t)
Subsequently, one has
F˙ =
∂xsΣ
∂ξA
[
∂x˙iΣ
∂xsΣ
(xΣ, t)gi ⊗GA +
∂
∂xsΣ
(
∂Σ
∂t
)
(xΣ, t)⊗GA + x˙Σi ∂gi
∂xsΣ
(xΣ, t)⊗GA
]
=
[
∂
∂xsΣ
(
∂Σ
∂t
)
(xΣ, t) +
∂x˙iΣ
∂xsΣ
(xΣ, t)gi + x˙
i
Σ
∂gi
∂xsΣ
(xΣ, t)
]
⊗
[
∂xsΣ
∂ξA
(ξ, t)GA
]
=
[
∂
∂xsΣ
(
∂Σ
∂t
+ x˙iΣgi
)
(xΣ, t)⊗ gs
]
·
[
∂xtΣ
∂ξA
(ξ, t)gt ⊗GA
]
=
(
V ⊗
Σ
∇
)
· F
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To calculate the material derivative of the determinant of the deformation gradient tensor
˙|F | =
˙√
g(xΣ, t)√
G(ξ, t)i
det
[
∂xiΣ
∂ξAΣ
]
(ξΣ, t)
=
1√
G
˙√
g(xΣ, t) det
[
∂xiΣ
∂ξAΣ
]
(ξΣ, t) +
√
g√
G
˙
det
[
∂xiΣ
∂ξAΣ
]
(ξΣ, t)
where
˙√
g(xΣ, t) =
∂
√
g
∂t
(xΣ, t) + x˙sΣ
∂
√
g
∂x˙sΣ
(xΣ, t)
=
√
g
[
1√
g
∂
√
g
∂t
(xΣ, t) + x˙
s
Σ
1√
g
∂
√
g
∂xsΣ
(xΣ, t)
]
=
√
g
[
1√
g
∂
√
g
∂t
(xΣ, t) + Γ
t
stx˙
s
Σ
]
and
˙
det
[
∂xiΣ
∂ξAΣ
]
(ξΣ, t) =
∂x˙sΣ
∂xsΣ
(xΣ, t) det
[
∂xiΣ
∂ξAΣ
]
(ξΣ, t)
Subsequently, one has
˙|F | = |F | ·
[
1√
g
∂
√
g
∂t
(xΣ, t) +
∂x˙sΣ
∂xsΣ
(xΣ, t) + Γ
s
stx˙
t
Σ
]
= |F | ·
[
1√
g
∂
√
g
∂t
(xΣ, t) +∇sx˙sΣ
]
On the other hand, the divergence of the velocity can be calculated as follows
V ·
Σ
∇ =
∂V
∂xlΣ
(xΣ, t) · g
l =
∂
∂xlΣ
(
∂Σ
∂t
+ x˙sΣgs
)
(xΣ, t) · g
l
= gl ·
∂gl
∂t
(xΣ, t) +∇sx˙sΣ = glkgk ·
∂gl
∂t
(xΣ, t) +∇sx˙sΣ
=
1
2
glk
∂glk
∂t
(xΣ, t) +∇sx˙sΣ =
1
2
1
g
∂g
∂t
(xΣ, t) +∇sx˙sΣ =
1√
g
∂
√
g
∂t
(xΣ, t) +∇sx˙sΣ
This ends the proof.
In addition, we give a proof of the identity that has been adopted previously
Lamma 2
˙
det
[
∂xiΣ
∂ξAΣ
]
(ξΣ, t) =
∂x˙sΣ
∂xsΣ
(xΣ, t) det
[
∂xiΣ
∂ξAΣ
]
(ξΣ, t)
Proof The determinant of an matrix can be represented through the permutation operator
det
[
∂xiΣ
∂ξAΣ
]
(ξΣ, t) =
∑
σ∈Pm
sgnσ
[
∂x1Σ
∂ξ
σ(1)
Σ
· · · ∂x
m
Σ
∂ξ
σ(m)
Σ
]
(ξΣ, t)
Subsequently, one has
˙
det
[
∂xiΣ
∂ξAΣ
]
(ξΣ, t)
=
∑
σ∈Pm
sgnσ


·
∂x1Σ
∂ξ
σ(1)
Σ
∂x2Σ
∂ξ
σ(2)
Σ
· · · ∂x
m
Σ
∂ξ
σ(m)
Σ
+ · · ·+ ∂x
1
Σ
∂ξ
σ(1)
Σ
· · · ∂x
m−1
Σ
∂ξ
σ(m−1)
Σ
·
∂xmΣ
∂ξ
σ(m)
Σ

 (ξΣ, t)
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To deal with the first term on the right hand side
∑
σ∈Pm
sgnσ


·
∂x1Σ
∂ξ
σ(1)
Σ
∂x2Σ
∂ξ
σ(2)
Σ
· · · ∂x
m
Σ
∂ξ
σ(m)
Σ

 (ξΣ, t) = ∑
σ∈Pm
sgnσ
[
∂x˙1Σ
∂ξ
σ(1)
Σ
∂x2Σ
∂ξ
σ(2)
Σ
· · · ∂x
m
Σ
∂ξ
σ(m)
Σ
]
(ξΣ, t)
=
∑
σ∈Pm
sgnσ
[(
∂x˙1Σ
∂xsΣ
(xΣ, t)
∂xsΣ
∂ξ
σ(1)
Σ
(ξΣ, t)
)
∂x2Σ
∂ξ
σ(2)
Σ
(ξΣ, t) · · · ∂x
m
Σ
∂ξ
σ(m)
Σ
(ξΣ, t)
]
=
∂x˙1Σ
∂xsΣ
(xΣ, t)
∑
σ∈Pm
sgnσ
[
∂xsΣ
∂ξ
σ(1)
Σ
∂x2Σ
∂ξ
σ(2)
Σ
· · · ∂x
m
Σ
∂ξ
σ(m)
Σ
]
(ξΣ, t) =
∂x˙1Σ
∂x1Σ
(xΣ, t) det
[
∂xiΣ
∂ξAΣ
]
(ξΣ, t)
It is evident that the other terms can be similarly processed. Then the proof is completed.
It should be pointed out that the concluded properties of the deformation gradient tensor
with the related lemmas in this subsection are keeping valid for continuous mediums whose
geometrical configurations are surfaces with arbitrary finite dimensions. Therefore, the related
results can be taken as the extension of the surface deformation theory with respect to the
dimensionality of the surface is two as put forward by Xie et al. (2013).
In the monograph Vectors, Tensors and the Basic Equations of Fluid Mechanics, Aris (1962)
expatiated on the equations governing two dimensional flows on an arbitrary fixed surface. It is
worthy of mention that in Aris’ monograph, the following relation was adopted
˙
det
[
∂xiΣ
∂ξAΣ
]
(ξΣ, t) =
[
∂x˙sΣ
∂xsΣ
(xΣ, t) + Γ
s
sjx˙
j
Σ
]
det
[
∂xiΣ
∂ξAΣ
]
(ξΣ, t) = (∇sx˙sΣ) det
[
∂xiΣ
∂ξAΣ
]
(ξΣ, t)
However, it is not true. Consequently, Aris attained transport equation on the fixed surface
takes the following form, see (10.12.9) in the monograph,
d
dt
∫
t
Σ
Φdσ =
∫
t
Σ
[
Φ˙ + Φ
(
∇sV s + g˙
2g
)]
dσ, V s := x˙sΣ
In fact, the true one should be
d
dt
∫
t
Σ
Φdσ =
∫
t
Σ
[
Φ˙ + Φ
(
∂V s
∂xsΣ
(xΣ, t) +
g˙
2g
)]
dσ =
∫
t
Σ
[
Φ˙ + Φ∇sV s
]
dσ
accompanying with with the relation
g˙
2g
=
1
2g
∂g
∂xiΣ
(xΣ, t)x˙
i =
1
2g
∂g
∂xiΣ
(xΣ, t)V
i = ΓssiV
i
The case studied by Aris (1962) is the two dimensional flow on an arbitrary fixed surface.
The surface deformation theory put forward by Xie et al. (2013) is available to two dimensional
flows either on fixed surfaces or on deformable ones. Furthermore, a theoretical framework of
vorticity dynamics for two dimensional flows on fixed surfaces has been provided recently by Xie
(2013).
2.3 Strain tensor on an arbitrary deformable surface
For any motion/deformation of continuous mediums, the strain tensor on an arbitrary de-
formable smooth surface/boundary can take the following representation
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Proposition 7 (Stain tensor on an arbitrary deformable surface)
D ,
1
2
(V ⊗∇+∇⊗ V )
=
(
θ −
Σ
∇ · V
)
n⊗ n+ 1
2
[(ω +W )× n]⊗ n+ 1
2
n⊗ [(ω +W )× n] +
Σ
D
where
Σ
D ,
(
V ⊗
Σ
∇+
Σ
∇⊗ V
)
/2 is the strain of the boundary, W := −
(
Σ
∇V 3 + V ·K
)
×n
is purely determined by the boundary.
Proof Firstly, we introduce the intrinsic decomposition of any tensor field with respect to any
direction
Lamma 3 (Intrinsic decomposition with respect to any direction)
Φ =
{
e⊗ (e,Φ)R3 − [e, [e,Φ]]
(Φ,e)R3 ⊗ e− [[Φ,e],e]
∀ |e|R3 = 1, ∀Φ ∈ T p(R3)
It can be directly verified.
As an application, one has
V ⊗∇ = (V ⊗∇,n)⊗ n− [[V ⊗∇,n],n]
with the relations
(V ⊗∇,n)R3 = (V ⊗∇−∇⊗ V ,n)R3 + (∇⊗ V ,n)R3 = ω × n+ (∇⊗ V ,n)R3
(∇⊗ V ,n)R3 =
(
Σ
∇⊗ V + n⊗ ∂V
∂x3
(xΣ, t),n
)
R3
=
(
Σ
∇⊗ V ,n
)
R3
+
∂V 3
∂x3
(xΣ, t)n
In addition, one has
(∇⊗ V ,n)R3 =
(
Σ
∇⊗ V ,n
)
R3
+
(
θ −
Σ
∇ · V
)
n
due to
θ :=∇ · V =
Σ
∇ · V + n ·
∂V
∂x3
(x, t) =
Σ
∇ · V +
∂V 3
∂x3
Furthermore, one has based on the intrinsic decomposition(
Σ
∇⊗ V ,n
)
R3
= n⊗
(
n,
(
Σ
∇⊗ V ,n
)
R3
)
R3
−
[
n,
[
n,
(
Σ
∇⊗ V ,n
)
R3
]]
= −
[
n,
[
n,
(
Σ
∇⊗ V ,n
)
R3
]]
=:W × n
where
W := −
(
Σ
∇⊗ V ,n
)
R3
× n = −
(
Σ
∇V 3 + V ·K
)
× n ∈ TΣ
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due to(
Σ
∇⊗ V ,n
)
R3
=
(
gl ⊗ ∂
∂xlΣ
(
Vig
i + V 3n
)
(xΣ, t),n
)
R3
=
(
∇lVigl ⊗ gi + Vibilgl ⊗ n+
∂V 3
∂xlΣ
(xΣ, t)g
l ⊗ n+ V 3gl ⊗ ∂n
∂xlΣ
(xΣ, t),n
)
R3
=
(
Vib
i
l +
∂V 3
∂xlΣ
(xΣ, t)
)
gl =
Σ
∇V 3 + V ·K ∈ TΣ
As a summary, it is attained
V ⊗∇ =
(
θ −
Σ
∇ · V
)
n⊗ n+ (ω × n)⊗ n+ (W × n)⊗ n− [[V ⊗∇,n],n]
To deal with the last term, one has
−[[V ⊗∇,n],n] = −
[[
V ⊗
Σ
∇,n
]
,n
]
= V ⊗
Σ
∇−
(
V ⊗
Σ
∇,n
)
R3
⊗ n = V ⊗
Σ
∇
Consequently, one arrives at the identity that bridges the relation between the full dimen-
sional velocity gradient and the one with respect to the surface gradient
V ⊗∇ =
(
θ −
Σ
∇ · V
)
n⊗ n+ (ω × n)⊗ n+ (W × n)⊗ n+ V ⊗
Σ
∇
Taking account of the conjugate identity, one ends the proof.
The proved identity bridges the relation between the whole strain and the one due purely to
the deformation of the surface. Consequently, one has the relation
|∆p|R3
·
|∆p|R3 = ∆p ·D ·∆p
=
(
∂V
∂x3
(xΣ, t) +W × n,∆p
)
R3
|∆p⊥|R3 +∆p‖ ·
Σ
D ·∆p‖
=
(
∂V
∂x3
(xΣ, t) +W × n,∆p
)
R3
|∆p⊥|R3 + |∆p‖|R3
·
|∆p‖|R3
where ∆p = ∆p⊥ + ∆p‖ denotes the directed line element, ∆p⊥ ⊥ TΣ and ∆p‖ ∈ TΣ are
directed line elements with respect to the normal direction and tangent space respectively. As
indicated by Xie et al. (2013), |∆p‖|R3
·
|∆p‖|R3 = ∆p‖ ·
Σ
D ·∆p‖ is a kind of representations of
the deformation of the boundary. In detail, it can be deduced
∂V
∂x3
(xΣ, t) =
(
∂V j
∂x3
(xΣ, t)− V sbjs
)
gj +
∂V 3
∂x3
(xΣ, t)n =:
∂V
∂n
(xΣ, t)
W ×n =
Σ
∇V 3 + V sbjsgj =
Σ
∇V 3 + V ·K ∈ TΣ
It is evident that ∂V
∂n
(xΣ, t) represents the interaction between the boundary and fluid, W × n
is determined by the boundary.
Wu et al. (2005a) deduced a kind of novel representation of the stain tensor on an arbitrary
deformable boundary based on the triple decomposition of the velocity gradient and the intrinsic
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decomposition, that is
D =
(
θ −
Σ
∇ · V
)
n⊗ n+ 1
2
(ω × n)⊗ n+ 1
2
n⊗ (ω × n)
+ [(W × n)⊗ n+ n⊗ (W × n)]−
Sym[
n,
[
n,V ⊗
Σ
∇
]]
The above representation can be deduced when the surface gradient of the velocity is rewritten
as
V ⊗
Σ
∇ = n⊗
(
n,V ⊗
Σ
∇
)
R3
−
[
n,
[
n,V ⊗
Σ
∇
]]
= n⊗ (W × n)−
[
n,
[
n,V ⊗
Σ
∇
]]
It should be mentioned that as presented in this subsection the deduced representation
of the strain tensor on an arbitrary deformable boundary with the adoption of the intrinsic
decomposition is gained enlightenment from the work by Wu et al. (2005a).
3 Levi-Civita gradient operator
One can defines the so termed Levi-Civita connection operator ∇ ≡ gl∇ ∂
∂xl
Σ
∇ ◦ −Φ ≡ (gl∇ ∂
∂xl
Σ
) ◦ −(Φi·jgi ⊗ gj +Φi·3gi ⊗ n+Φ3·jn⊗ gj +Φ3·3n⊗ n)
, gl ◦ −∇ ∂
∂xl
Σ
(Φi·jgi ⊗ gj +Φi·3gi ⊗ n+Φ3·jn⊗ gj +Φ3·3n⊗ n)
= ∇lΦi·j(gl ◦ −gi)⊗ gj +∇lΦi·3(gl ◦ −gi)⊗ n+∇lΦ3·j(gl ◦ −n)⊗ gj
+∇lΦ3·3(gl ◦ −n)⊗ n
As compared to the surface gradient tensor, Levi-Civita gradient tensor is just effective to the
components/indeces of the tensor corresponding to the tangent plane, i.e. i, j in the above
representations. In the present paper, Levi-Civita gradient operator takes the same denotation
∇ as the full dimensional gradient operator since the concrete meaning of ∇ can be determined
in certain relations.
3.1 Some primary identities in vorticity dynamics of two dimensional flows
on fixed smooth surfaces
Proposition 8 The Levi-civita gradient operator with respect to initial physical configuration,
denoted by
◦
∇ , GL
◦
∇ ∂
∂ξL
Σ
, can be similarly defined. And the order between
◦
∇ and material
derivative can be changed, namely
◦
∇ ◦ −Φ˙ =
·
◦
∇ ◦ −Φ, ∀Φ ∈ T p(Rm+1)
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Proof One has, say Φ ∈ T 2(R3)
◦
∇ ◦ −Φ ≡ (GL
◦
∇ ∂
∂ξL
Σ
) ◦ −(ΦA·BGA ⊗GB +ΦA·3GA ⊗N +Φ3·BN ⊗GB +Φ3·3N ⊗N )
=
◦
∇LΦA·B(GL ◦ −GA)⊗GB +
◦
∇LΦA·3(GL ◦ −GA)⊗N +
◦
∇LΦ3·B(GL ◦ −N )⊗GB
+
◦
∇LΦ3·3(GL ◦ −N)⊗N
where {GA(ξΣ)}2A=1 and {GA(ξΣ)}2A=1 denote the covariant and contra-variant bases with re-
spect to the initial physical configuration, and N (ξΣ) is the corresponding normal vector. All
of them are independent on the time. Thanks to the relationships
∂
∂t
(
◦
∇LΦA·B
)
(ξΣ, t) =
◦
∇L
(
∂ΦA·B
∂t
(ξΣ, t)
)
∂
∂t
(
◦
∇LΦA·3
)
(ξΣ, t) =
◦
∇L
(
∂ΦA·3
∂t
(ξΣ, t)
)
;
∂
∂t
(
◦
∇LΦ3·B
)
(ξΣ, t) =
◦
∇L
(
∂Φ3·B
∂t
(ξΣ, t)
)
∂
∂t
(
◦
∇LΦ3·3
)
(ξΣ, t) =
◦
∇L
(
∂Φ3·3
∂t
(ξΣ, t)
)
the proof is completed.
Firstly, the following identity has been derived
Proposition 9[
◦
∇× (b · F)
]
·N = |F| (∇× b) · n, ∀ b ∈ R3, |F| :=
√
g√
G
det
[
∂xi
∂ξA
]
(ξ, t)
where
◦
∇ , GL
◦
∇ ∂
∂ξL
Σ
and ∇ , gl∇ ∂
∂xl
Σ
are Levi-Civita connection operators, N and n are sur-
face normal vectors corresponding to the initial and current physical configurations respectively,√
G := [G1,G2,N ],
√
g := [g1,g2,n].
Proof[
◦
∇× (b · F)
]
·N =
[(
GB
◦
∇ ∂
∂ξB
Σ
)
×
(
bi
∂xiΣ
∂ξAΣ
(ξΣ, t)G
A
)]
·N =
◦
∇B
(
bi
∂xiΣ
∂ξAΣ
(ξΣ, t)ǫ
BA3
)
= εBA3
◦
∇B
(
bi
∂xiΣ
∂ξAΣ
(ξΣ, t)
)
= εBA3
[
∂
∂ξBΣ
(
bi
∂xiΣ
∂ξAΣ
)
(ξΣ, t)− ΓLBA
(
bi
∂xiΣ
∂ξLΣ
(ξΣ, t)
)]
= εBA3
∂
∂ξBΣ
(
bi
∂xiΣ
∂ξAΣ
)
(ξΣ, t) =
∂bi
∂xsΣ
(xΣ, t)
[
εBA3
∂xsΣ
∂ξBΣ
(ξΣ, t)
∂xiΣ
∂ξAΣ
(ξΣ, t)
]
=
1√
G
det
[
∂xiΣ
∂ξAΣ
]
(ξΣ, t)e
si3 ∂bi
∂xsΣ
(xΣ, t) =
√
g√
G
det
[
∂xiΣ
∂ξAΣ
]
(ξΣ, t)(ε
si3∇sbi)
= |F|(εsi3∇sbi)
On the other hand, one has
∇× b =∇× (bigi + b3n) = gl ×∇ ∂
∂xl
Σ
(bigi + b
3n) = gl ×
(
∇lbigi + ∂b
3
∂xlΣ
n
)
= εli3∇lbin+ εl3k ∂b
3
∂xlΣ
gk
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This ends the proof.
As an application, one has
ω3 := (∇× V ) · n = 1|F|
[
◦
∇× (V · F)
]
·N
Subsequently, the governing equation of vorticity can be deduced
ω˙3 = − θ|F|
[
◦
∇× (V · F)
]
·N +
1
|F|
[
◦
∇× (a · F) +
◦
∇×
(
V ·
(
V ⊗
Σ
∇
)
· F
)]
·N
= −θ(∇× V ) · n+ (∇× a) · n+
(
∇×∇
( |V |2
2
))
· n = −θω3 + (∇× a) · n
where the identities F˙ =
(
V ⊗
Σ
∇
)
· F and d|F|/dt = θ|F| are utilized.
Proposition 10
∇× (∇× b) =∇(∇ · b)−∆b+KGb, ∀ b ∈ TΣ, ∆b ,∇ · (∇⊗ b)
Proof
∇× (∇× b) =∇×
[(
gp∇ ∂
∂x
p
Σ
)
× (bigi)
]
=
(
gq∇ ∂
∂x
q
Σ
)
× [(∇pbi)ǫpi3n]
= ε3kqε3pi∇q(∇pbi)gk = (δkpδqi − δqpδki )∇q(∇pbi)gk = ∇i(∇kbi)gk −∇p(∇pbi)gi
= ∇i(∇kbi)gk −∆b
Furthermore, one has
∇i(∇kbi)gk = [∇k(∇ibi) +Ri··k·si·bs]gk =∇(∇ · b) +KG(δiiδks − gsigik)bsgk
=∇(∇ · b) +KGb
It is the end of the proof.
The well known Stokes-Helmholtz decomposition in the present case as shown below takes
the different form as compared to the one for Euclid space.
Proposition 11 (Stokes-Helmholtz Decomposition) For any b ∈ TΣ, one has b =∇φ+
∇× (ψn), where φ and ψ can be termed as the tangent plane potential and the normal potential
respectively. Both of them are determined by the Possion equations
∆φ := ∇ · (∇φ) = gij
[
∂2φ
∂xiΣ∂x
j
Σ
(xΣ, t)− Γkij
∂φ
∂xkΣ
(xΣ, t)
]
=∇ · b
∆ψ :=∇ · (∇ψ) = gij
[
∂2ψ
∂xiΣ∂x
j
Σ
(xΣ, t)− Γkij
∂ψ
∂xkΣ
(xΣ, t)
]
= −(∇× b) · n
As an application, let us focus on two dimensional flows on general fixed smooth surface.
The velocity V ∈ TΣ can be represented as
V =∇φ+∇× (ψn), with
{
∆φ =∇ · V =: θ
∆ψ = −(∇× V ) · n = −ω3
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where θ is termed as the dilation quantity, the vorticity is defined as ω , ω3n =∇×V . In the
case of θ = 0 i.e. the flow is incompressible, the velocity takes the representation V =∇× (ψn)
namely V i = −ε3ji ∂ψ
∂x
j
Σ
(xΣ, t), in which ψ is generally termed as stream function. Based on the
intrinsic generalized Stokes formula of the first kind, one has∮
∂Σ
(τ × n) · V dl =
∫
Σ
Σ
∇ · V dσ =
∫
Σ
∇ · V dσ = 0
In other words, the integral of
∫
∂Σ (τ ×n) ·V dl is independent on the integral paths. Further-
more, the stream function can be determined through
ψ(r, t) = ψ(r0, t) +
∫
∂Σ
(τ × n) · V dl
where r0 represents the reference point that can be an arbitrary point on the surface.
We have attained the governing equation of mass conservation
ρ˙+ ρθ =
[
∂ρ
∂t
(xΣ, t) + V · (∇ρ)
]
+ ρθ = 0
where ρ is the surface density.
Generally, denoted by t the surface stress that satisfies ρa =∇·t+ρfΣ ∈ R3 can be assumed
that
t = (γ − p)I + µ (V ⊗∇+∇⊗ V ) , I = δijgi ⊗ gj
where γ and µ denote coefficients of surface tension and inner fraction/viscousity respectively,
p is the inner pressure.
Subsequently, the governing equations of momentum conservation with respect to the tangent
plane and normal direction can be deduced
ρ
[
∂V
∂t
(xΣ, t) + V · (∇⊗ V )
]
= −∇p+ µ (∆V +∇θ +KGV ) + ρf sur,Σ ∈ TΣ
ρ(V ⊗ V ) :K = H(γ − p) + 2µ(V ⊗∇) :K + ρfsur,n ∈ R
where f sur,Σ and fsur,n denote the densities of the surface forces on the tangent plane and normal
direction respectively.
Taking ∇· on both sides of the equation with respect to the tangent plane, one arrives at
the governing equation of the dilation
θ˙ =− [(V ⊗∇) : (∇⊗ V ) +KG|V |2]+
[
1
ρ2
∇ρ · ∇p− 1
ρ
∆p
]
− µ
ρ2
∇ρ · (∆V +∇θ +KGV ) +
2µ
ρ
[∆θ +∇ · (KGV )] +∇ · f sur
=−
[
D : D − |ω|
2
2
+KG|V |2
]
+
[
1
ρ2
∇ρ · ∇p− 1
ρ
∆p
]
− µ
ρ2
∇ρ · [−∇× ω + 2(∇θ +KGV )] + 2µ
ρ
[∆θ +∇ · (KGV )] +∇ · f sur
where denoted by D the strain tensor for two dimensional flows on fixed surfaces is defined by
1
2(V ⊗∇+∇⊗ V ).
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On the other hand, the governing equation of the vorticity takes the following form
ω˙3 = −θω3 − 1
ρ2
[∇ρ,−∇p+ µ[−∇× ω + 2 (∇θ +KGV )],n]
+
µ
ρ
[∆ω + 2∇× (KGV )] · n− 1
ρ2
[∇ρ,f sur,n] +
1
ρ
(∇× f sur) · n
As a summary, one can simulate generally spatial-temporal evolutions of compressible two
dimensional flows on general fixed smooth surfaces through the governing equations of dilation
and vorticity accompanying with the Possion equations for the velocity potentials, in addition the
distribution of inner pressure can be updated based on the equation of momentum conservation
in the normal direction.
3.2 Some identities of affine surface tensors
Proposition 12
∇×Φ×∇ = [∇ ·Φ · ∇−∆(trΦ)]n⊗n, ∀Φ ∈ T 2(TΣ)
Proof
Firstly, one should show that
(∇×Φ)×∇ =∇× (Φ×∇) =:∇×Φ×∇
The left hand side can be calculated as follows
(∇×Φ)×∇ =
[(
gp∇ ∂
∂x
p
Σ
)
× (Φijgi ⊗ gj)
]
×∇ = [(∇pΦij)εpi3n⊗ gj]×
(
gq∇ ∂
∂x
q
Σ
)
= (∇q∇pΦi·j)εpisεjq3n⊗ n = (δjpδqi − δji δqp)(∇q∇pΦi·j)n ⊗ n
=
[∇i∇jΦi·j −∇q∇qΦi·i]n⊗ n = [∇i∇jΦi·j −∆(trΦ)]n⊗ n
where
∇i∇jΦi·j = ∇j∇iΦi·j +Ri··j·si·Φs·j +R·s·jj·i·Φi·s
= ∇j∇iΦi·j +KG
(
δiiδ
j
s − gsigij
)
Φs·j +KG
(
gjig
sj − δsi δjj
)
Φi·s
= ∇j∇iΦi·j +KGΦj·j −KGΦi·i = ∇j∇iΦi·j =∇ ·Φ ·∇
As a summary, one arrives at
(∇×Φ)×∇ = [∇ ·Φ ·∇−∆(trΦ)]n⊗ n
On the other hand, ∇ × (Φ ×∇) can similarly calculated with the same representation. This
ends the proof.
Subsequently, it is evident that
∇×Φ×∇ = 0 ⇔ ∇ ·Φ · ∇−∆(trΦ) = 0 ∈ R
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Proposition 13
∇× (∇×Φ) =∇⊗ (∇ ·Φ)−∆Φ+KG(Φ+Φ∗)−KG(trΦ)I, ∀Φ ∈ T 2(TΣ)
Proof
On the left hand side, one can do the following deduction
∇×∇×Φ =∇×
[(
gp∇ ∂
∂x
p
Σ
)
× (Φijgi ⊗ gj)
]
=
(
gq∇ ∂
∂x
q
Σ
)
× [∇pΦijεpisn⊗ gj]
= (∇q∇pΦij)εq3kεpi3gk ⊗ gj = (∇q∇pΦij)ε3kqεpi3gk ⊗ gj
= (∇q∇pΦij)(δpkδiq − δpqδik)gk ⊗ gj = ∇i∇kΦijgk ⊗ gj −∇p∇pΦijgi ⊗ gj
= ∇i∇kΦijgk ⊗ gj −∆Φ
where the first term on the right hand side can be processed as follows
∇i∇kΦij gk ⊗ gj =
[∇k∇iΦij +R·si·i··kΦsj +R·si·j··kΦis] gk ⊗ gj
= (∇k∇iΦij)gk ⊗ gj +KG
(
δiiδ
s
k − gsigik
)
Φsjg
k ⊗ gj +KG
(
δijδ
s
k − gsigjk
)
Φisg
k ⊗ gj
=∇⊗ (∇ ·Φ) +KG(Φ+Φ∗)−KG(trΦ)I
It is the end of the proof.
As indicated in this subsection, the change of the order of covariant or contra-variant differen-
tial operators defined on surfaces must be related to Riemann-Christoffel tensor. Consequently,
the action of Levi-Civita gradient operators more than twice will generally lead to the appear-
ance of the curvatures, such as Laplacian operator ∆Φ , ∇ · (∇ ⊗ Φ), double curl operator
∇× (∇×Φ) and so on.
4 Conclusion Remarks
Two kinds of differential operators on the surface have been studied including definitions,
properties and applications.
The first kind of differential operators on the surface is termed as the surface gradient
operator. It can be taken as the derivative of a tensor field defined on the surface. Consequently,
the partial derivative of a tensor field with respect to a curvilinear coordinate of the surface can
be determined. According to the differential calculus in normed linear tensor spaces, the order
of partial derivatives of a tensor field can be exchanged as the regularity of the tensor filed is
provided. Firstly, all kinds of the intrinsic generalized Stokes formulas have been derived in
which the relation between the full dimensional gradient operator and the surface gradient one
is adopted. Particularly, the intrinsic generalized Stokes formula of the second kind have been
used to deduce some integral identities studies by Yin et al. (2008); to deduce the governing
differential equations of momentum and moment of momentum conservations for continuous
mediums whose geometrical configurations can be taken as surfaces that cover the governing
equations for thin enough plates and shells as deduced by Synge & Chien (1941); to deduce a
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differential identity that plays the essential role to attain the representation of the vorticity flux
on an arbitrary deformable solid boundary. Secondly, the primary properties of the deformation
gradient tensor with respect to the continuous mediums whose geometrical configurations are
surfaces with any finite dimensionality have been deduced. The deduction mistake made by Aris
(1962) in his studies on two dimensional flows on an arbitrary fixed surface have been pointed
out in detail. Thirdly, the representations of strain tensor on an arbitrary deformable surface
have been studied. The original result was attained by Wu et al. (2005a).
The second kind of differential operators on the surface is termed as Levi-Civita gradient
operator. Its definition is based on general Levi-Civita connection on the surface that is a
typical Riemann manifold. It has been indicated that Levi-Civita operator is just effective to
the indices with respect to the tangent space. Figuratively, Levi-Civita gradient of a tensor field
just represents the feeling of an observer standing on the surface who is insensitive to the change
in the normal direction, however the surface gradient reflects the whole change of a tensor field
as viewed from the outer space of the surface. The essential property of Levi-Civita gradient
operator is that the change of the order of covariant or contra-variant derivatives/differentiations
should be related to Riemann-Christoffel tensor. Some differential identities have been set
up based on Levi-Civita gradient operator that constitute the foundation of the theoretical
framework of vorticity dynamics for two dimensional flows on an arbitrary fixed surface as
indicated by Xie (2013). In the present case, there are some additional terms in the governing
equations of momentum and vorticity that include curvatures of the surface explicitly. It implies
that the geometrical quantities accompanying with the mechanical ones may appear explicitly
in the governing equations of nature laws as the physical configurations of continuous mediums
can be taken as surfaces.
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